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Analytic study of domain growth in the Ising model with quenched impurities

Zhi-Feng Huang and Bing-Lin Gu
CCAST (World Laboratory), P.O. Box 8730, Beijing 100080, The People’s Republic of China

and Department of Physics, Tsinghua University, Beijing 100084, The People’s Republic of China
~Received 7 January 1997!

We analytically study the one-dimensional kinetic Ising model with Glauber dynamics in the presence of
quenched impurities. We derive the evolution equations for the expectation value of spin and the equal-time
pair correlation function. The scaling form of the structure factor is given byGk(t)
5(12r)t1/2g„(12r2)k2t,r2t… with the impurity concentrationr, and its scaling function is calculated at zero
temperature. We also obtain the average pinned domain size at long time for quenches toT50 in one
dimension, and find that it scales inversely with impurity concentration for the smallr.
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Recently, the effects of impurities or vacancies on dom
growth have attracted more and more attention@1–6#. In real
materials the presence of impurities or vacancies is q
important since they play a significant role in determini
the properties of the material. There are two kinds of imp
rities @2#: quenched impurities, which are immobile and ha
the form of macroscopic second-phase particles, and dif
ing impurities, which take the form of individual atoms an
show behavior similar to diffusing vacancies. Numbers
theoretical works, especially computer simulations, ha
been carried out to study the mechanism of quenched@1,2#
and diffusing@2–6# impurities.

Most of the simulations are based on the kinetic Is
model, where a system is quenched from an initial high te
perature to a final temperature less thanTc . This nonequi-
librium process exhibits many important dynamic scaling
haviors which have been of great interest@7,8#. For the
domain growth without impurities, the equal-time pair corr
lation functionG(r ,t) and its Fourier transformation, th
equal-time structure factorGk(t) have the scaling forms
G(r ,t)5 f (r /L) and Gk(t)5Ldg(kL), respectively, where
d is the spatial dimensionality andL(t) is the correlation
551063-651X/97/55~5!/4841~4!/$10.00
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length characterizing the domain structure and scales
L(t);tn. It is well known@7,8# that the growth exponentn is
1/2 for the nonconserved order parameters and 1/3 for
conserved order parameters. Moreover, the scaling funct
have been obtained exactly@9,10# for the one-dimensiona
Ising model with Glauber dynamics@11#. However, the pres-
ence of impurities has been shown to affect these sca
properties@1–4#. In the simulations of a two-dimensiona
nonconserved Ising model with quenched and random im
rities carried out by Grest and Srolovitz@1#, the average do-
main sizeL(t) was observed to increase ast1/2 at early times,
and then become pinned at a constant which scales as
inverse square root of the impurity concentrationr for
quenches toT50, or become a logarithmic growth fo
quenches to a finalT.0. The scaling behaviors of domai
growth for the simulations of mixed spin flip and impuritie
diffusing dynamics are similar, that is,L(t) was found to
crossover from thet1/2 growth law to a saturate value@2# or
an effectively logarithmic growth behavior@3#. While the
growth law for the impurity mechanism has been studied
considerable detail, the scaling forms of the correlation fu
tion and structure factor have received less attention.
R4841 © 1997 The American Physical Society
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In this paper we analytically study the one-dimensio
Ising model with Glauber spin-flip dynamics at zero te
perature in the presence of quenched impurities, and exa
calculate the scaling forms of the equal-time structure fac
and correlation function, as well as the average domain
in the pinned state. The Hamiltonian for this Ising model
written as

H52J(
i51

N

nini11s is i11 , ~1!

wheres i561 is the normal spin variable,ni50,1 is the site
occupation variable, andni50 represents the impurity on th
lattice. Thus,Si5nis i is defined as11 for the up spin,
21 for the down spin, and 0 for the impurity.

In this kinetic model the impurities are randomly plac
on the lattice with concentrationr and become immobile
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n
o-

a
n.

of
et
l
-
tly
r
ze

The up or down spin is flipped with Glauber probabili
W5@12tanh(bDH/2)#/2, where DH is the change
of the total energy associated with the spin flip, a
b51/kBT. Therefore, using Eq. ~1! and the
identity tanh@bJ(S11S2)#5x(S11S2)1y(S1

2S21S1S2
2), where

Si561,0,x5tanhbJ, andy5(1/2)tanh2bJ2tanhbJ, we ob-
tain the transition probability for this one-dimensional no
conserved Ising model

W~ni ,s i !5 1
2 $12nis i@x~ni21s i211ni11s i11!

1yni21ni11~s i211s i11!#%. ~2!

The master equation for the spin configuration probabi
p(n1 ,s1 , . . . ,nN ,sN ,t) is
dp~n1 ,s1 , . . . ,nN ,sN ,t !

dt
52(

i
W~ni ,s i !p~n1 ,s1 , . . . ,ni ,s i , . . . ,nN ,sN ,t !

1(
i
W~ni ,2s i !p~n1 ,s1 , . . . ,ni ,2s i , . . . ,nN ,sN ,t !. ~3!
n

rre-
ve,
Since the impurities initially placed at random a
quenched and immobile, the impurity configuratio
$n1 ,n2 , . . . ,nN% is fixed. Therefore, we can obtain the ev
lution equations for the expectation value of spin^Si& and
the equal-time pair correlation function Gi j (t)
5^Si(t)Sj (t)& for iÞ j by first fixing the impurity configu-
ration and following the derivation process of Glauber’s p
per @11#, and then averaging over the impurity distributio
The equations of motion we derive are

d^Si&
dt

52^Si&1^ni@x~Si211Si11!

1y~ni21Si111ni11Si21!#&, ~4!

and

dGi j ~ t !

dt
522^SiSj&1^ni@x~Si211Si11!1y~ni21Si11

1ni11Si21!#Sj&1^Sinj@x~Sj211Sj11!

1y~nj21Sj111nj11Sj21!#&. ~5!

Moreover, as the configuration and distribution
quenched impurities remain unchangeable during the kin
process, for the site occupation variableni we have

d^ni&
dt

50,

d^ninj&
dt

50,
-

ic

••••••

dK) i51
N ni L
dt

50. ~6!

According to the initial random distribution of impurities o
the lattice with concentration r, Eq. ~6! gives
^ni&512r5const, ^ninj&5(12r)2 with iÞ j , ... . There-
fore, due to the random distribution and independent co
lation between the immobile impurities as shown abo
we assume thatni and Sj5njs j are uncorrelated for
iÞ j , that is, ^niSj&5^ni&^Sj&5(12r)^Sj&, and
similarly ^ninjSk&5(12r)2^Sk&, ^niSjSk&5(12r)^SjSk&,
^ninjSkSl&5(12r)2^SkSl&, for iÞ jÞkÞ l , etc. Thus, Eqs.
~4! and ~5! are written as

d^Si~ t !&
dt

52^Si~ t !&1 1
2 g8@^Si21~ t !&1^Si11~ t !&#, ~7!

and

dGi j ~ t !

dt
522Gi j ~ t !1 1

2 g8@Gi j21~ t !1Gi j11~ t !1Gi21 j~ t !

1Gi11 j~ t !#, ~8!

where

g85~12r!2g12r~12r!tanhbJ, ~9!

with g5tanh2bJ. For i5 j , we have
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Gii ~ t !5^Si
2&512r. ~10!

It is noted that Eqs.~7! and~8! are similar to the equation
derived by Glauber@11# for the pure one-dimensional Isin
model without impurities except for the expression ofg8. If
r50, that is, there is no impurity, we haveg85g from Eq.
~9! and Eqs.~7! and ~8! recover the results of Glauber@11#.
The exact solutions to these two equations have been g
by Glauber, and the scaling function of the equal-time c
relation function has been exactly calculated by Bray@9# and
by Amar and Family@10# for the pure one-dimensiona
Glauber model at zero temperature. In the following, we
rive the scaling forms of the structure factor and the p
correlation function for the model with quenched impuritie

Considering the translationally invariant situation and a
eraging over the initial conditions, we can simplify Eqs.~8!
and ~10! as

dG~r ,t !

dt
522G~r ,t !1g8@G~r21,t !1G~r11,t !#,

~11!

for rÞ0, and

G~0,t !512r. ~12!

At zero temperature, we obtain from Eq.~9! g8512r2.
Therefore, following the method given by Bray@9#, we solve
Eqs. ~11! and ~12! by a combination of Fourier transforma
tion in space and Laplace transformation in time, and g
the result for the equal-time structure factorGk(t) in the
scaling limit provided that the initial state contains no lon
range order

Gk~ t !5~12r!2S tp D 1/2 ~12r2!1/2

2r21~12r2!k2

3E
0

1

dy y21/2$2r2exp~22r2ty!1~12r2!k2

3exp~2@2r21~12r2!k2#t1~12r2!k2ty!%.

~13!

Therefore, from Eq.~13! we discover that the equal-tim
structure factor in the presence of quenched impurities
the scaling form

Gk~ t !5~12r!t1/2g„~12r2!k2t,r2t…, ~14!

where the scaling functiong(x,y) is given in Eq.~13!. The
pair correlation function in the scaling limit can be calculat
by a Fourier transformation of the structure factor, and fr
Eq. ~14! its scaling form is expected to be

G~r ,t !5~12r! f „r 2/~12r2!t,r2t…. ~15!

It is noted that forr→0, Eqs.~14! and ~15! give the ex-
pected and well known scaling formsGk(t)5t1/2g(k2t) and
G(r ,t)5 f (r 2/t), for the one-dimensional nonconserved d
namics without impurities. Moreover, the scaling functio
g(y) and f (x) obtained by Bray@9# are recovered from Eq
~13! as well as its corresponding Fourier transformatio
respectively. For r2t@1, Eq. ~13! gives Gk(t)
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→(12r)2@2r2(12r2)#1/2/@2r21(12r2)k2#, which cor-
responds toG(r ,t)→(12r)exp$2@2r2/(12r2)#1/2r %.

One of the main phenomena in the two-dimensional sim
lations with quenched impurities@1# is the pinned domain
state at long times for quenches toT50. The average pinned
domain size can be calculated by studying Eq.~8! with trans-
lational invariance. The solution of this equation has be
given by Glauber@11# as

G~m,t !5hm1e22t(
l51

`

@G~ l ,0!2h l #@ I m2 l~2g8t !

2I m1 l~2g8t !#, ~16!

for m.0, whereI m(x) is the modified Bessel function of th
first kind, andh is given by

h5g821@12~12g82!1/2#. ~17!

Thus, atT50 we haveh5@12r(22r2)1/2#/(12r2) from
Eq. ~9!.

It is shown from Eq.~16! thatG(m,t) exponentially de-
cays to its equilibrium solutionhm. Therefore, at long times
G(1,t) saturates at valueh, and then the average wall den
sity @10# n(t)5@12G(1,t)#/2 is written as

n~ t !5
12h

2
. ~18!

Thus, substituting Eq.~17! into Eq. ~18! and using the
relationL(t)51/n(t), we obtain the average pinned doma
sizeL(t) at long times for quenches to zero temperature

L~ t !5
2~12r2!

r~22r2!1/22r2
. ~19!

When the impurity concentration is very small, Eq.~19!
givesL(t);r21. This scaling result is different from that o
the two-dimensional simulations where the average pin
domain size is found to scale asr21/2. This inconsistency
may be attributed to the different physics of the domain w
mechanism, since the final domain size is determined by
impurity concentration at the domain edges. In two dime
sions the domain growth is driven by the curvature of t
domain wall, while in one-dimensional growth the doma
walls perform independent random walks and their diffus
annihilation is expected to be the growth mechanism.

In summary, we have derived the evolution equations
the expectation value of spin and the equal-time correla
function for the one-dimensional kinetic Ising model wi
Glauber dynamics in the presence of quenched impurities
zero temperature the scaling function of the equal-time str
ture factor is calculated, and the scaling forms of t
structure factor and the pair correlation function a
given by Gk(t)5(12r)t1/2g„(12r2)k2t,r2t… and G(r ,t)
5(12r) f „r 2/(12r2)t,r2t…, respectively. In fact, we can
recover the well known evolution equations@11#, the scaling
forms of the structure factor, and the correlation functi
@7,8#, as well as their scaling functions@9,10# for the one-
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dimensional Glauber model without impurities by setti
r50 in our corresponding results. Moreover, the avera
pinned domain size at long times for quenches toT50 is
obtained. For the small impurity concentration, it is expec
to scale inversely withr in one dimension. It should be
e

d

noted that the scaling results we have derived need to
verified by further experimental and simulation work.
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